Two new multi-component BKP hierarchies *^ 

Hongxia Wu 

1. Department of Mathematics, Jim,ei University, Xiamen, 361021, China 

2. Department of Mathematics, Beijing Institute of Technology, Beijing 100081, China 

Xiaojun Liu 
Department of Mathematics, Chinese Agriculture University, Beijing, PR China 

- - - Yunbo Zene; 

C") ' Department of Mathematical Sciences, Tsinghua University, Beijing 100084, PR China 

o' 






Abstract 

We firstly propose two Icinds of new multi-component BKP (mcBKP) hierarchy based on the 



> 

^^ ' eigenfunction symmetry reduction and nonstandard reduction, respectively. The first one contains 

two types of BKP equation with self-consistent sources which Lax representations are presented. 
The two mcBKP hierarchies both admit reductions to the fc— constrained BKP hierarchy and to 
integrable (1-fl) -dimensional hierarchy with self-consistent sources, which include two types of SK 
equation with self-consistent sources and of bi-directional SK equations with self-consistent sources. 
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^^ ' 1. Introduction 

The multi-component KP (mcKP) hierarchy given in [1] contains many physically relevant nonlinear integrable 

systems, such as Davey-Stcwartson equation, two-dimensional Toda lattice and three-wave resonant interaction 

^^ ■ ones, and attracts a lot of interests from both physical and mathematical points of view [1-8]. Another kind 

of multi-component KP equation is the so-called KP equation with self-consistent sources, which was initiated 

p\^ ' by V.K. Mel'nikov [9-11]. The first type of KP equation with self-consistent sources (KPSCS) arises in some 

C^ ' physical modes describing the interaction of long and short wave [8-10,12], and the second type of KPSCS is 

presented in [8,11,13]. However, little attention has been paid to the multi-component BKP hierarchy. Though 

the first type of the BKP equation with self-consistent sources (BKPSCS) is constructed by source generating 

method [14], the Lax representation for the first type of BKPSCS and the second type of the BKPSCS have 

not been investigated yet. 

It is known that the Lax equation of KP hierarchy is given by [15] 

Lt,^ = [Bn,L] (1.1) 
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where 



L = d + uid-^+U2d-^ + --- 



(1.2) 



is pseudo-differential operator, d denotes ^/q , m^, i — 1,2,- ••, are functions in infinitely many variables 
t ~ {ti,t2,t3,- ■ ■) with ti = X, and _B„ = i" stands for the differential part of L". 

Owing to the commutativity of dt„ flows, we obtain zero-curvature equations of KP hierarchy 



Bn,tk — Bk,t„ + [Bn,Bk] — 

Eigenfunction $ (adjoint eigenfunction (f>*)satisfy the linear evolution equations 



$t„ = B„($) ($: 



-s:($*)) 



(1.3) 



(1.4) 



The compatibility condition of (1.4) is exactly (1.3). 

The BKP hierarchy is obtained from the KP hierarchy by imposing the condition 

The formula (1.5) implies the vanishing of the even time variables (i.e., ^2 = ^4 = 



(1.5) 
0)and of the constant 



terms Bn,n ~ 3,5- ••, as well as that U2 = —Ui, Ui = —2u 
fc = 3,n = 5, (1.3) and (1.5) gives rise to the BKP equation 



3 

i- tr.\ 5 ("TI 5 /-:,-, O I /o\ 5 _ 9 ' 5 ' „_i 5 



uf\ •••, and $* = $' for n odd. Taking 



ut, + -u 



_„,(5) _ ug) _^ _yy(3) _^ _u'u(2) _ -uuts + 5u^u - ^ud^ ^ut3 - ^d^ ^Ut^t^ = 



(1.6) 



3 3 3 

where we use the notation u^"^' = ■£-;:, m = ^ in this paper. 

In this paper, following the idea in [8] and using the eigenfunction symmetry constraint, we firstly introduce 
a new type of Lax equations which consist of the new time t^— flow and the evolutions of wave functions. 
Under the evolutions of wave functions, the commutativity of the evolutions of Tfe— flow and f„— flow gives rise 
to the first kind of new mcBKP hierarchy. This hierarchy enables us to obtain the first and the second types 
of BKPSCS and their related Lax representations directly. This implies that the new mcBKP hierarchy can 
be regarded as BKP hierarchy with self-consistent sources (BKPHSCS). Moreover, this new mcBKP hierarchy 
can be reduced to two integrable equation hierarchies: a (l+l)-dimensional soliton equation hierarchy with 
self-consistent sources and the fc— constrained BKP hierarchy (fc— BKPH), which contain the first type and 
the second type of SK equation with self-consistent sources and of bi-direction SK equation with self-consistent 
sources, respectively. Similar to the construction of the first kind of mcBKP hierarchy, we can also construct 
the second kind of mcBKP hierarchy based on nonstandard reduction to obtain some new (2+l)-dimensional 
soliton equation with self-consistent sources. It is noted that the second kind of mcBKP hierarchy just as the 
first kind also admits the n— reduction and the fc— constraint, which lead to some new (l+l)-dimensional 
soliton equations with self-consistent sources. Thus, these two mcBKP hierarchies provide an effective way to 
find (l+l)-dimensional and (2+l)-dimensional soliton equations with self-consistent sources as well as their Lax 
representations. Our paper is organized as follows. In section 2, we construct the first kind of new mcBKP 
hierarchy based on eigenfuction symmetry constraint and show that it contains the first and the second types 



of BKPSCS. In section 3, the mcBKP hierarchy is reduced to a (l+l)-diinensional sohton hierarchy with self- 
consistent source and the k— constrained BKP hierarchy, respectively. In section 4, the second kind of new 
mcBKP hierarchy is also proposed based on nonstandard reduction. In addition, the n— reduction and the fc— 
constraint of it are also considered. In section 5, some conclusions are given. 

2. The first kind of new mcBKP hierarchy 

Following the idea in [8] and using the eigenfunction symmetry constraint for BKP hierarchy [16], we define 
Bk by 

N 

Bk^Bk + Y,{nd-^q,-q,d-\[) (2.1) 

1=1 
where qi,ri satisfy (1-4). Then we may introduce a new Lax equation given by 

N 



Lr, ^[Bk+J2 in^-U^ - q^^-^r[), L] (2.2a) 

i=l 

q^,t„^Bn{q^), n^t„ = B^in) , i = 1, ■ ■ ■ , N (2.26) 



where n, k are odd. 

Lemma 1 [i?„,r9^^<7 — qd^^r ]^ = {rd^^q — qd^^r )t 

n 

Proof: Set _B„ — ^ Uid^ {i > 1). Then we have 



1=1 



[B„, rd-^q - qd-^r']_ = ^ {a,A'^d-^q' - a,g«a~ V) - ^ {rd'\' a,d' - qd-\'a^d')- 

1=1 1=1 

n 

= B„{r)d-\' - Bn{q)d-\' - Y,ird-\'a,d' - qd'^' a,d'). 

i=l 

Applying integration by parts to the second term 

n n 

Y, {rd-\'a,d' - qd-Va,d'). = • • • = J] (-l)'[ra-i(a,g')« - g9-i(a,r')«] = rd-^B^iq) - qd-^Bl{r') 

i=l i=l 

Noticing the facts that q* = q ,r* = r ,q^^ = -B^{q*) and r^*^ = -B^{r*), we can complete the proof 

immediately. 

Theorem 1. The commutativity of (1.1) and (2.2a) under (2.2b) leads to the following first kind of new 

integrable multi-component BKP (mcBKP) hierarchy 

N N 

Bn.r, -{Bk+Y, ind-\', - q^^~^r[))t^ + K, Bk+Y. (^*^~''?i - q^^'^r\)] = (2.3a) 

i=l i=l 

or equivalently 

N 

Bn.r, - Bk.t^ + [Bn,Bk]+y{[B„,nd-^q- - g.^-V^] + Bn{q^)^-V^ 

tt (2.3a') 

+q,d-'B'jn) - Br,{n)d-\l - nd-^B'^{q,)} = 



qi,t„= Bniqi), Ti^t^^ Bnivi), i = l,---,N (2.36) 



where n and k are odd. Under (2.3b), the Lax pair for (2.3a) is given by 

N 

^t„ = i3„(V), V'r. = [Bfe + E (^'^"'«^ - %5-V:)](V') (2.4) 

1=1 

Proof:We wih show that under (2.3b), (1.1) and (2.2a) lead to (2.3a). For convenience, we assume A'' = 1 and 
denote <7i,ri by q,r. By (1.1), (2.2) and lemma 1, we have 

Bn,r,^iU;j+^[Bk+rd-^q' -qd-^r', L"]+ = [Bfc + r^-^q' - q^- V, Ll]+ + [Bk + rd'' q - qd-\' , I'll 

= [Bk+rd-^q -qd-\\ L^ - [Bk + rd'^ - qd-\\ L;]_ + [Bfe, L'!] + 

= [Bk+rd-^ -qd-^r\ B„] - [r^-^q' - q^- V, B„]_ + K,L'=] + 

= [Bk + rd-U - qd-^r , B„] + {rd-^ - qQ-^r )t^ + {Bk)t„ 

= [Bk + rd-^q - qd-\\ B„] + [Bk + rd'^ - qd'^rh^ 

Remark 1. (2.3a') and (2.4) indicate that the new mcBKP hierarchy can be regarded as the BKP hierarchy 

with self-consistent sources and that it is Lax integrablc. 

Next we will list some examples in the first kind of mcBKP hierarchy. 

Example 1 (The first type of BKPSCS) For n — 3,k ^ 5, (2.3)with u = ui leads to the first type of the 

BKP equation with self-consistent sources ((2+l)-dimensional CDGKS equation with self-consistent sources) 

JV 



(2.5) 



If we omit the source, we will obtain (2+l)-dimensional CDGKS equation [17]. 
The Lax pair of (2.5) is given by 



As^{d' + 3ud){^P), 



N 



TK, K in 



(2.6) 



Example 2 (The second type of BKPSCS) For n ~ 5,k — 3, (2.3) with ui ~ u yields the second type of 



BKP equation with self-consistent sources 



^ (^) ^ (2) ^ ('^) 5 ' (2) ^ f 2 ' ^ ' '^—l 

N 



9 "^ """" 9 



a.-^^^.3r3 = ^ E [S^f ^'^i - 5rf ^g; + lOgf r, - lOrf g. 



1=1 



+5((7jri - rjqi)T-3 + SOugj V^ - iQur] ' q^ + 30?! q^ri - 30u r^^j], 



(2.7) 



,(3) ^ .„' (2) ^ r5^-i , ^ 10 



AT 



«M. = <^ + ^uc^ + 5uq?^ + C-d-'u^, + ^.(^) +5u'+'-Y: {q. 



n -qtr,)\q,, 



i=l 

N 



r^M = "rf^ + SMJ-f ^ + 5?i rf ^ + [-9^ ^u^g + — u^^^ + 5"^ + :; X! ('^«^'' ^ 9»''^)]''^ 



The Lax pair of (2.7) is given by 



N 



^r, - [9' + 3ud + J2 {nd-^<i. - q^^-'rMi^), 



i=l 

N 



(2.8) 



V't, = [9^ + 5ud^ + 5ud' + i-d-'urs + -iru^^^ + 5m' + ^ Y.^q,n ~ q^ri))^]{^) 



3.=i 



Remark 2 The first type of BKPSCS (2.5) coincide with what obtained in [14] by source generating method. 
However the Lax representation for (2.5) and the second type of BKPSCS have not been found before. 

3. The n reduction and fc constraint of (2.3) 

3.1 The n reduction of (2.3) 

The n— reduction of (2. 3) is given by [15] 

L" = B„, or L1=0 (2.9) 

which imphes that 

Lt„ = [B„,L] = [L", L] = 0, Bk^t^ = {Ll)t„ = 0, and q,,t„ = n^t„ = (2.10) 

If qi and r^ are wave function, they have to satisfy [15] 

B„(g,) = L"{q,) = X^q,, B^{n) = L"{n) = X^n (2.11) 

So it is reasonable to impose the relation (2.11) in the n— reduction case. By using the Lemma 1 and (2.10), we 
can conclude that the constraint (2.9) is invariant under the Tfe— flow. Due to (2.10) and (2.11), one can drop 
t„— dependency from (2.3) and get the following (l+l)-dimcnsional integrablc hierarchy with self-consistent 
sources 

JV 
Bn,r, + [Bn, ^fe + V {nO-^- - q^d-V^)] - 0, 

tt (2.12) 



with the Lax pair given by 

N (2.13) 

i=l 

Example 3 (The first type of SKSCS) For n = 3, fc = 5, (2.12) present the first type of SK equation 
with self-consistent sources (SKSCS) 

N 



Ur.. + -U^'^^ + -u'u^^' 



+ ^^,^(3) + 5„2^' _^_ J2 (qf V, - q4^^) - 0, 



i=l 



ql + SuQi = A, Qi 



(2.13) with n ~ 3,k ^ 5 leads to the Lax pair of (2.14) 

(o>3 + 3ua)(i/') = aV, 

in ^ , , 

V;,, = [d^ + 5ud^ + 5ud'' + (— u(2) + 5^2)9 + J2 {nd-\, - q^^-\^)]{^) 



(2.14) 



(2.15) 



Example 4 (The first type of bi-directional SKSCS) For n ~ b,k = 'i, (2.12) presents the first 
type of bi-directional SK equation with self-consistent sources (bi-directional SKSCS) 

9 9 3 3 3 3 



r -I A* 



■,(2)^. _ on,, ^(2), 



+b{qiri - r^qt)r3 + SOuql Vj - SOurl ' qi + 30u q^r^ - 30u r^qi], 



(2.16) 



-,(2)^r5a-i, ^10„(2)^.2^5 



Af 



gf ' + 5wgf ) + 5u gf ^ + [-d-'ur, + -u^^) + Su^ + - ^ {q^n q^r,U = Af g., 



N 



i— 1 
with the Lax pair given by 

AT 



V'.3 - [d' + 3ud + J2 (nd-'ll - q^^-'r',)m, 



1=1 

N 



(2.17) 



[9^ + 5ud^ + 5ud' + {-d-\r, + y«(') + 5«' + 3 5] (g.r. - g.r,))a](V) = A^V 

2—1 



If we take qi = n = 0, then (2.14)and (2.16) reduces to the SK equation and bi-directional SK equation [18]. 



3.2 The fc constraint of (2.3) 

The fc— constraint of (2.3)is given by [16] 

N 

L^ = Bk + Y,{ndS,-q,d-\'i) (2.18) 

It can seen that (2.18) together with (2.2) lead to L-r^. ~ and Bn.Tk = 0- Then (2.3)becomes k— constrained 
BKP hierarchy 

TV TV Af 

{Bk + Y. ind-\- - q,d-\[))u - [(Bk + J2 (^^9-'q[ - q.d-'r'j}l,Bk + ^ {nd-\[ - q^^-'r[)l 

i—l i—1 i—1 

N N 

q^,t„ = {Bk + Y^ {nd-\[ - q^^-V^))l (m),n^u ^{Bk + Y. in9-\- - q,d-V^))l{n), z - 1, • • • , TV 

(2.19) 

Example 5 (The second type of SKSCS) For n = 5, fc = 3, (2.19) presents the second type of SK equation 
with self-consistent sources 

N 

9"' '3"'"' '3'"' ' "-^ " 9 



ut, + y^^ + ^uu('^ + |«'«(2) ^ 5^2,; ^ 1 ^ [5^(3)^^ _ 5^(3)^^ ^ ^Q^(4)^ 



i=l 



-lOrl 'qi + SOuq\ V^ - SOurl 'qi + 30u q^n - 30m r^^j], 



i—1 

„(5) , K..J^) , ^„,' (2) 40 ,,, . , 5^ 



A' (2.20) 



n^ = n + 5urf> + bu'rl^' + [—u^^'> + Sm^ + - ^ (g-r, - g,r^)]r-, i = 1, • • • , TV 

Example 6 (The second type of bi-directional SKESCS) For n = 3, fc = 5, (2.19) gives rise to the 
second type of bi-directional SK equation with self-consistent sources 

1 ('i) ^ (2) ^ ("i) '^ ' (2) ^ r 2 ' ^ ' a— 1 

9 9 *3 3 3 3 ' 3 X t3> 

N 

\d^'u,,,,+J2i9Pn-rr\^)-0, (2.21) 



^4 . 

(3) _L q„ ' ^. - ^(3) 
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QiM = 9i + Sui^i, Ti^ig = r^^ -^ + Suir^, z = 1, • • • , iV 
Next we will consider the special case of the first type of mcBKP hierarchy (2.3). Then, starting from the first 
type one based on the symmetry eigenfunction constraint, we may obtain one mcBKP hierarchy based on the 
nonstandard reduction. Noting that a constant is the eigenfunction for (1.4), (2.3) with q^ = 1 and Ri = — r^ 
yield the following mcBKP hierarchy 

N N 

Bn,r, - (Sfe + V d-^R,)t„ + [Bn, Sfc + V O-^R^] = 0, 

^ 1^1 (2.22) 



The Lax pair associated with (2.22) reads 



JV 



V't„ - S„(V;), yjr, ^{Bk + J2 ^''R^M} (2.23) 



i=l 



where k and k are both odd. 

Example 7 For n = 3, fc = 5, (2.22)gives rise to 

N 



Ur^ + -U 



m'"' + -u u'-^' - -zuut^ + bu'-u - -u c)^ "ut^ - -c)^ "ut^t^ + ^ 

=1 

(3) 



9 -^^^ ~ ^"*3^ + -mm'^^ + -u'u(^) - -uut^ + 5w\' - -ud^ ^ut^ - -9^ ^^(3*3 + ^ i?- = 0, 



The Lax pair of (2.24)is given by 



N 



^^^ = [95 + 5ud^ + 5ud^ + i-d-^ut, + — «(") + 5^2)9 + Y, d-^R^)]{-4^), 



.3 X ... 3 



Example 8 For n = 5, /c = 3, (2.22)presents 



9 9 ' o 3 3 ' 3 



5q-1„, , 10„,(2) , r;„,2 , 5 



TV 



i— 1 

with the Lax pair given by 

N 

i,,^^[d'' + 2,ud + Y,d-^R,)]{4>), 

r. in c ^ 

V-t, = [a^ + 5^93 + 5ud^ + i-d-\r, + -^U^^^ + 5^2 + I ^ R^)^]{1P) 

2 — 1 



Combining (2.22) with (2.28), we have 

{Bk + d-^R)t„ = [{Bk + d-^R}l , Bk + d-'R] 

Rt„=-[{Bk + d-^R)l]*iR),i^l,--- ,N 



Example 9 For n = 3, A: = 5, we obtain 5-constraincd equation from (2.29) 

N 

1 (^) ^ (2) 5 /o^) 5 ' (2) ^ r 2 ' 5 ' .~._1 5 „_i ^— 

9 9 3 3 3 3 9 -^ 

j(3) 



R^,t, = RT' + H^R,) 



(2.24) 



(2.25) 



gZ^Lg^''^ ^ 3 V"■■^^7 -r^^t^.raJ, (2.26) 



(2.27) 



The fc--constraint of (2.22)is given by [19] 

L^ = Bk + d-^R (2.28) 



(2.29) 



(2.30) 



Example 10 For n = 5, A: = 3, wc obtain 3-constraincd equation from (2.29) 

'93 3 9 3 ^ ^ 

Rt, = i?('^) + 5[(«i?)(3) - (u i?)(2) + (u^R)'] + ^(2w(2)i? + i?2) 



(2.31) 



We notice that (2.31) coincide with what obtained in [19]. 
4. The second kind of new mcBKP hierarchy 

In the previous section, the first kind of new mcBKP hierarchy is constructed based on the eigenfunction 
symmetry reduction. In fact, we find that we can construct the second kind of new mcBKP hierarchy by using 
its nonstandard reduction given by [20], which is completely different from the first kind. 
It is show in [20] that the non-symmetry constraint 

N 

L'' ^ Bk + ^{rid-'^q^+ q^d-^r[),k is even (2.32) 

reduces the BKP hierarchy to a (l+l)-dimensional integrable hierarchy. So as for the symmetry constraint, we 
may define a new Lax equation 

AT 

Lr, ^[Bk + J2 ind-\- + q^^-\'i), L] (2.33a) 

gj,t„ = Bn{qi), n^t„ = Bn{ri), i = 1, • • • ,N (2.335) 

where nis odd and k is even. 

In the exactly same way as for Lemma 1, we can find 

Lemma 2.[Bn, rd^^q + qd^^r ]_ = (rd^^q + qd^^r )t^ 

Theorem 2 (1.1) and (2.33) lead to the second kind of new integrable mcBKP hierarchy 

N N 

Bn,r, -{Bk + J2 ind-\[ + q^^-\'i))u + [Bn,Bu + ^ {n^-U^ + q^^-^r[)] - (2.34a) 

g^,t„ = B«(g«), r,,t„ = Bn{n),i = 1, • • • , iV (2.346) 

where n is odd and k is even. With the Lax pair for (2.34a) under (2.34b) given by 



N 



^r. = (Sfe + E (^^^^'9^ + 9.a-v;))(^), 



i=l 



(2.35) 



^t„ =B„(^) 
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Example 11 For n = 'i,k = 2, (2.34) leads to the following new integrable (2+l)-dimcnsional equations 

N 

i=l 

N 

+ u(3) + 3uu' + 3^ (g^rf ^ + r^gf ') = 0, 



'Uu 



(2.36) 



Example 12 For n = 3,k = 4, (2.34) yields to another new integrable (2+1) dimensional equation 

N 

3ur^ + 2u't^ + u^^'> + 6{uf + 6mm(2) + 3^ (g.r,)^^^ = 0, 



luif ^9-i«t3t3 + l^^"^ + ^2uu('^ + 12uu' + 6««(3) +ef2i<i'^nm + r.<lP) = 0, ^^'^^^ 

Similar to the first kind of new mcBKP hierarchy, the second kind of mcBKP hierarchy also admits the n— 

N , ] 

reduction and the fc— constraint given by _B„ = L" and L^ = Bk+ '^2 {'''id^^Qi + (lid^^fi)i respectively. 

i=l 

Example 13 For n = 3,k = 2, the 2-constrained (2.34) is given by 

it,t3 = 9?' - ^inq',, n^ts = '■f ^ - Sqinr[ (2.38) 



Example 14 For n = 'S,k = 4, the 4-constrained (2.34) is given by 

1 , 3 ^ 

2 4 ^ (2.39) 



i=l 

ft.ta = 9i + 3ugi, Ti^tg = rf^ +3urj, z=:l,---.7V 

It is noticed that (2.38) is the coupled mKdV equation which has been obtained in [20] and that (2.39) is a new 
KdV equation with self-consistent sources which is completely different from the two known KdV equations 
with self-consistent sources introduced by [8, 21-23]. 
Example 15 The 3-reduction of (2.34) for n = 3, fc = 2 reads 

N 



Ut2 ^ —U 



3 

—I 

2 ^^ ■ ■ (2.40) 



' ' E(«f^^^+^f^*-'^^^^) = 0' 



i=l 



q^^+3uq,^XU^, rf +3Mr; = Afr„ t=l,---.N 



Example 16 The another 3-reduction of (2.34) for n == 3, /c = 4 reads 



1 ^ 

3ur, + -u^^^ + i{uf - 4u^ + 3 V (g.rf + gf V,) - 0, 

3 t{ (2.41) 

qf^'iuq^^Xlq,, rf^ + ?,ut[ ^ Xln, z - 1, • • • , TV 



11 

5. Conclusion 

We firstly propose two new kinds of multi-component BKP hierarchy based on the eigenfunction symmetry 
reduction and nonstandard reduction, respectively. The first kind of mcBKP hierarchy includes two types of 
BKP equation with self-consistent sources. It admits reductions to the k— constrained BKP hierarchy containing 
the second type of (l+l)-dimensional integrable soliton equation with self-consistent sources, and n— reduction 
of BKP hierarchy including the first type of (l+l)-dimensional integrable soliton equation with self-consistent 
sources. Then we construct the second kind of mcBKP hierarchy based on nonstandard reduction to obtain 
some new integrable (2+l)-dimensional soliton equation with self-consistent sources. It is noted that the second 
kind of mcBKP hierarchy also admits the n— reduction and fc— constraint, which lead to some new integrable 
(l+l)-dimensional soliton equation with self-consistent sources. Thus, these two mcBKP hierarchies provide an 
effective way to find (l-t-l)-dimensional and (2+l)-dimensional soliton equations with self-consistent sources as 
well as their Lax representations. Though the solution for the first type of BKPSCS was constructed by source 
generating method [14], the solution structure for the second type of BKPSCS has not been investigated yet. 
We will solve the integrable equation in the forthcoming paper. 
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